Introduction
Let G be a locally compact group. The Fourier Algebra, A(G), and the Fourier-Stieltjes algebra, B(G), on the locally compact group G, has been found by Eymard in 1964 [10] . The general form of special type of maps on Fourier and Fourier-Stieltjes algebras has been studied extensively. For example when G is an abelian topological group, A(G) is nothing except L 1 ( G), where G is the Pontrjagin dual group of G and B(G) is isometrically isomorphic to M( G), the measure algebra. In this case Cohen in [3] and [4] studied the homomorphisms from L 1 (G) to M(H) for abelian groups G and H, and gave the general form of these maps, as the weighted map by a piecewise affine map on the underlying groups. By [2, 9] , we know that A(G) and B(G) are operator spaces as the predual of a Von Neumann algebra and dual of a C * -algebra, respectively. Ilie in [16] and [17] studied the completely bounded homomorphisms from Fourier to Fourier-Stieltjes algebras.
Figà-Talamanca-Herz algebras was introduced by Figà-Talamanca for an Abelian locally compact group [11] and it is generalized for any locally compact group by Herz [14] . For p ∈ (1, ∞) the coefficient functions of the left regular representation of a locally compact group G on L p (G) gives us the Figà-Talamanca-Herz algebras A p (G), and we have A 2 (G) = A(G). So these can be seen as the p-analog of the Fourier algebras.
Daws in [7] introduced the p-operator space structures, with an extensive application to A p (G), which generalizes the operator space structure of A(G). Oztop and Spronk in [19] and Ilie in [15] studied the p-completely bounded homomorphisms on the Figà-Talamanca-Herz algebras, using the p-operator space structures. Also it is shown by Ilie that, if Φ : A p (G) → A p (H) is a p-completely bounded homomorphism, and G and H are amenable locally compact groups, then Φ is of the form Φ α ,
for a proper piecewise affine map α : Y ⊂ H → G. Runde in [21] found the p-analog of the Fourier-Stieltjes algebras, B p (G). He used extensively the theory of QSL p -spaces and representations on these spaces. Also he gave the p-operator space structure of B p (G). The second author studied the p-analog of the Fourier-Stieltjes algebras on the inverse semigroups in [23] .
In this paper for a map α : Y ⊂ H → G we study the weighted maps
and we will show that, when α is an affine map, Φ α is a p-complete contraction homomorphism, and in the case that α is a piecewise affine map, it is p-completely bounded homomorphism. The paper is organized as follows: First we give necessary definitions and theorems about the p-analog of the Fourier-Stieltjes algebras and representations on QSL p -spaces in Section 2. In Section 3, first we generalize idempotent theorem on the Fourier-Stieltjes algebras to the p-analog of the Fourier-Stieltjes algebras [22] in Proposition 3.1. In addition, in Theorem 3.7 we give general form of an important theorem in [5] and for this aim we need to give p-analog of some spaces in [1] . As a crucial theorem in this paper, we have the extension theorem in Section 4 (See Theorem 4.3). Final section, Section 5, is about generalization of Ilie's results of homomorphisms on Figà-Talamanca-Herz algebras in [15] . In the preparing step, we prove some technical results (See Theorem 5.1) which will be used in the rest of this section to study the p-completely boundedness of homomorphisms of the form (1).
Preliminaries
In this paper G and H are locally compact groups, and for p ∈ (1, ∞) the number p ′ is its complex conjugate, i.e. 1/p + 1/p ′ = 1. In first step, we give essential notions and definitions on QSL p -spaces and representations of groups on such spaces. For more information one can see [21] . Definition 2.1. A representation of a locally compact group G is a pair (π, E), where E is a Banach space and π is a group homomorphism from G into the invertible isometries on E, that is continuous with respect to the given topology on G and the strong operator topology on B(E).
Remark 2.2. Any representation (π, E) of a locally compact group G induces a representation of the group algebra L 1 (G) on E, i.e. a contractive algebra homomorphism from L 1 (G) into B(E), which we shall denote likewise by π, through
where the integral (2) converges with respect to the strong operator topology.
Definition 2.3. Let (π, E) and (ρ, F ) be representations of the locally compact group G. Then 1. (π, E) and (ρ, F ) are called equivalent, if there exists an invertible isometry ϕ :
2. (ρ, F ) is said to be a sub representation of (π, E), if F is a closed subspace of E and for every x ∈ G we have π(x)| F = ρ(x).
3. (ρ, F ) is said to be contained in (π, E), if it is equivalent to a sub representatation of (π, E) and will be denoted by (ρ, F ) ⊂ (π, E).
is of the form L p (X) for some measure space X.
2.
A Banach space is called a QSL p -space if it is isometrically isomorphic to a quotient of a subspace of an L p -space.
For any locally compact group G and p ∈ (1, ∞), we denote by Rep p (G) the collection of all (equivalence classes) of representations of G on a QSL p -space. Definition 2.5. A representation of a Banach algebra A is a pair (π, E) where E is a Banach space and π is a contractive algebra homomorphism from A to B(E). We call (π, E) isometric if π is an isometry and essential if the linear span of {π(a)ξ : a ∈ A, ξ ∈ E} is dense in E.
Remark 2.6. If G is a locally compact group and (π, E) is a representation of G in the sense of Definition 2.1, then (2) induces an essential representation of L 1 (G). Conversely, every essential representation of L 1 (G) arises in this fashion.
The set of cyclic representations of group G on QSL p -spaces is denoted by Cyc p (G). 
where λ p is the left regular representation of G on L p (G), defined as
The norm of A p (G) is defined as
where the infimum is taken over all expressions of u in (3) with (4) . With this norm and pointwise operations, A p (G) turns into a commutative regular Banach algebra.
Remark 2.9. The p-analog of the Fourier-Stieltjes algerbas has been studied, for example in [5] , [13] , [18] and [20] , as the multiplier algebra of the Figà-Talamanca-Herz algebra. In this paper we follow the construction of Runde in definition and notation (See [21] ) which we swap indexes p and p ′ .
Definition 2.10. The set of all functions of the form
equipped with the norm
is denoted by B p (G) and is called the p-analog of the Fourier-Stieltjes algebra of the locally compact group G.
By [21, Theorem 4.7] the space B p (G) with the norm defined as above and pointwise operations is a commutative, unital Banach algebra and the Figà-Talamanca-Herz algebra
2. By P F p,π (G) we mean the p-pseudo functions associated to (π, E), which is the closure of π(L 1 (G)) in B(E).
4. If (π, E) is p-universal, we denote P F p,π (G) by UP F p (G) and call it the algebra of universal p-pseudo functions.
Remark 2.12.
1. For p = 2, the algebra P F p (G) is the reduced group C * -algebra and UP F p (G) is the full group C * -algebra of G.
If
In particular, the definition of UP F p (G) is independent of a particular p-universal representation.
Next lemma states B p (G) is a dual space.
The p-operator space structure which is used in this paper is, Daws' approach for A p (G) [7] . A concrete p-operator space is a closed subspace of B(E), for some QSL p -space E. In this case for each n ∈ N one can define a norm · n on M n (X) = M n ⊗ X by identifying M n (X) with a subspace of B(l n p ⊗ p E). So we have the family of norms · n n∈N which satisfy:
< ∞, and p-completely contractive if
Theorem 2.15. [7, Theorem 4.3] Let X be a p-operator space. There exists a p-complete isometry ϕ : X * → B(l p (I)) for some index set I.
Remark 2.17.
1. It should be noticed that, the converse of 2.16 is not necessarily true, unless X be a closed subspace of B(E), for some L p -space E.
2. In the case of p-analog of the Fourier-Stieltjes algebras, from duality B p (G) = UP F p (G) * , and the fact that UP F p (G) ⊂ B(E), for p-universal representation (π, E), we can take p-operator space structure from pre-dual
3. In comparison to [15] , because of above explanations, a major difference in our work is that we need to study pre-conjugate of some crucial p-completely bounded maps (See Theorem 5.1), instead of their conjugates.
In Section 5, we will study the homomorphisms on the p-analog of the Fourier-Stieltjes algebras induced by the map α : Y ⊂ H → G, in the cases α is homomorphism, affine and piecewise affine map, and Y in the coset ring of H. So we give some preliminaries here. For a locally compact topological group G, let Ω 0 (G) denotes the ring of subsets which generated by open cosets of H, by [15] we have
Moreover, for a set Y ⊂ G, by Aff(Y ) we mean the smallest coset containing U and if 
2. The map α is called a piecewise affine map if 
4. It is clear that, α is a proper affine map if and only if β is a proper homomorphism.
3 Some generalizations Proposition 3.1. For a subset C ⊂ G we have:
Proof. It is clear that if χ C ∈ B(G) with χ C B(G) = 1 from the fact that B(G) ⊂ B p (G) and this embedding is a contraction, we have χ C ∈ B p (G) with χ C Bp(G) ≤ 1, which by inequality
So by Definition 2.10, the function χ C is a normalized coefficient function of an isometric group representation on a QSL p -space, which is smooth. Therefor [22, Theorem 1.5]-(3) holds.
Corollary 3.2. Let G be a locally compact group and Y ∈ Ω 0 (G), then we have χ Y ∈ B p (G). Moreover, we have
where Y i , for i = 0, 1, . . . , n and n ∈ N, are as (6).
On the other hand, since
then we have χ Y Bp(G) ≤ 2 m and by taking infimum on all possible decomposition of Y as (6), relation (8) holds.
In the sequel, we will give some extensions of results in [1] . Definition 3.3. For a representation (π, E) ∈ Rep p (G) we define the p-analog of the π-Fourier space, A p,π , to be closed linear span of the collection of the coefficient functions of representation (π, E).
so we can identify coimage of Ψ p,π with Banach space E * ⊗E/ ker Ψ p,π , which implies that the norm on coimage is quotient norm. Now we define A p,π as coimage of Ψ p,π equipped with quotient norm, i.e.
where · Ap,π is obtained as follows: for u ∈ A p,π , we have
where
and u(·) = ∞ n=1 π(·)ξ n , η n with ∞ n=1 ξ n η n < ∞, we may put
then we have
and C ≤ ∞ n=1 x n y n ≤ ∞ n=1 ξ n η n . Since (ξ) n∈N ⊂ E and (η) n∈N ⊂ E * are arbitrary in the representing of u we have: C ≤ u Ap,π .
For the inverse inequality, let ǫ > 0 is given. Then there exist ((ρ n , F n )) n∈N ⊂ Cyc p,π (G), (x n ) n∈N ⊂ F n , (y n ) n∈N ⊂ F * n , and for each n ∈ N, we have (ρ n , F n ) ⊂ (π, E) such that
Now for each n ∈ N, by applying the Hahn-Banach Theorem extend each y n ∈ F * n to the η n ∈ E * such that η n = y n . Therefore
x n y n < C + ǫ, and it means u Ap,π ≤ C.
Proof. By [21, Lemma 6.5], there exists an ultrafilter U such that canonical representation of P F p,π (G) on l p (N, E) U is weak-weak * continuous and isometric and by restricting this representation to a subspace F , it is essential so. Indeed this representation is an essential representation of L 1 (G) as following
Obviously we have
Since each QSL p -space is a super-reflexive space, by the conclusion after [6, Propo-
Next theorem is a generalization of [5, Theorem 4] . For a compact subset K ⊂ G, by
It is clear that for a function
Proof.
[⇐] First we assume that w|
consequently we have | π(f ), w | ≤ C f π , and since compact support functions are dense in P F p,π (G), so we have w ∈ P F p,π (G) * and w ≤ C. Now if we let 
so for given ǫ > 0 we have u w = u . Consequently, because of uniqueness of u w and the equality w = u w , we have the result.
Remark 3.8.
1. We follow [1] in notation, and denote A p,(π ∞ ) U w * by B p,π , and we call it p-analog of π-Fourier-Stieltjes algebra, which by Proposition 3.7 is the dual space of the space of p-pseudofunctions associated with (π, E) ∈ Rep p (G), i.e. the dual space of P F p,π (G) through following duality.
and as we expect that, we have
It is obvious that B p,π ֒→ B p (G) is contractive linear isomorphism for every (π, E) ∈
Rep p (G) and if (π, E) is a p-universal representation it will become isometrical isomorphism.
3. It is valuable to note that if V be another free ultrafilter such that induces weak-weak * continuous isometry canonical representation of P F p,π (G) on l p (N, E) (similar to [21, Lemma 6.5]), then we have
so our definition is independent of choosing suitable free ultrafilter, so is well-defined.
Extension Theorem
Next lemma is a kind of application of Theorem 3.7.
Lemma 4.1. Let G 0 be a closed subgroup of locally group G, and (π, E) and (ρ, F ) be two p-universal representations for G and G 0 respectively. Then (π G 0 , E), restriction of π to G 0 is at least a subrepresentation of (ρ, F ) and the restriction mapping of functions in B p (G) to G 0 is a contractive linear homomorphism to B p (G 0 ).
Proof. Let us define
consequently thorough Remark 3.8-(2) it can be obtained that
Let G 0 ⊂ G, be any subset and u : G 0 → C be a function. By u • we mean
Lemma 4.2. Let G 0 be an open subgroup of the locally compact group G and u ∈ M(A p (G 0 )), then we have u
• , it can be concluded that u
• ∈ M(A p (G)) and obviously we have u
Now we are ready to give the most important theorem of this section. 
Proof. First we should notice that for every u ∈ A p (G 0 ), we have u
, is an isometric linear homomorphism. Also for every u ∈ B p (G 0 ) we know at least it holds that u
. For this aim we use Theorem 3.7. Let (π, E) and (ρ, F ) be p-universal representation of G and G 0 respectively.
We can easily see that for each f ∈ L 1 (G) and g ∈ L 1 (G 0 ) as above, we have
. This is true because of the following computations,
, so for n ∈ N, and vectors ξ f n ∈ E and η f n ∈ E * , such that u 
, and therefore
where by u Bp,π G 0 , we mean the norm of u as an element of P F p,
So from (10) and (11) we have
For given ǫ > 0, let elements φ ∈ F and ψ ∈ F * be such that
Without lose of generality let us assume that φ = ξ = 1. We have
so we have
Finally we have
Since ǫ > 0 is arbitrary, we have u Bp(G 0 ) ≥ u Bp,π G 0 , and as a conclusion, via (12) it can be obtained that u
Next corollary is an immediate consequence of Theorem 4.3.
Corollary 4.4. Let G and H be locally compact groups and α : Y ⊂ H → G be a piecewise affine map then we have
Step 1. First we let α : Y = y 0 H 0 → G be an affine map and β : H 0 → G be the homomorphism associated with α as explained in Remark 2.21- (3) for an open subgroup H 0 . Since we have
then we have the result thorough Theorem 4.3.
Step 2. Now let α : Y ⊂ H → G be a piecewise affine map, so by the Definition 2.18, there exist pairwise disjoint sets Y i ∈ Ω 0 (H), for i = 1, . . . , n with n ∈ N and affine maps
we have the the result via Corollary 3.2 and the fact that B p (H) is a Banach algebra.
Remark 4.5.
1.
For an open subgroup G 0 of the locally compact group G, by Theorem 4.3, we can say that the space B p (G 0 ) is the space of functions which are restriction of functions in B p (G) those are equal to zero outside of G 0 . Therefore while we are working on p-analog of the Fourier-Stieltjes algebras, we may assume that p-universal representation of G 0 is a restriction of p-universal representation of G.
2.
For an open subgroup G 0 of G, by Lemma 4.1 and Theorem 4.3, the restriction mapping is surjective.
3. In the case that G is amenable, Theorem 4.3 can be concluded directly from Lemma 4.2, via the isometric identification B p (G) = M(A p (G)).
5 p-Completely bounded homomorphisms on B p (G) induced by piecewise affine maps
In the following we study completely boundedness of special type of maps on the p-analog of the Fourier-Stieltjes algebras. To provide requirements of forthcoming propositions, we need next important theorem.
Theorem 5.1. Let p ∈ (1, ∞) and G be a locally compact group. Then we have the following statements.
For any
a u, where a u(x) = u(ax), for x ∈ G, is a p-completely contractive map.
For a closed normal subgroup
1. We want to prove that for each (π p , E p ) ∈ Rep p (G) the following map is pcompletely contractive.
We know that this map is contraction. Let (π, E) be p-universal representation of G.
First we need to note to the relationship between (π p , E p ) and (π, E):
One can easily see that pre-conjugate of the map (13) is as following:
which is obviously is a p-completely contractive map. Therefore I p-cb ≤ * I p-cb ≤ 1.
2. We want to prove that the following restriction map is p-completely contractive, for an open subgroup G 0 ⊂ G.
Let (π, E) be p-universal representations of G and (π G 0 , E) be the restriction of (π, E) to G 0 . Relation of lifting of them is as following
In addition, the range of the map R G 0 is the space B p,π G 0 ⊂ B p (G 0 ), so we may define * R G 0 as following
We have
Additionally, by (14) we have
3. Now we want to prove that the following map is p-completely isometry where a ∈ G,
First we need to note that it is invertible and we have L
We can easily see that these are p-completely isometries and then their conjugate are p-completely contractive, and since these are invertible so are p-completely isometries.
4. Let G 1 G be a closed normal subgroup. Let
be canonical quotient map and
Let (ρ, F ) be a p-universal representation of G/G 1 , then obviously we have (ρ • q, F ) ∈ Rep p (G). Let (π, E) be p-universal representation of G and define closed subspace K of E, which itself is a QSL p -space, thorough
and if for every x ∈ G, we consider the restriction of π(x) to K we can induce following representation for G/G 1π
On the other hand, by the definition of K we have F ⊂ K, therefore (π, K) = (ρ, F ). So the p-universal representation of G/G 1 can be induced via restriction of p-universal representation of G to the suitable QSL p -space K, i.e. we can work with (π, K) as the p-universal representation of G/G 1 .
Now let us consider following map
which is at least a contractive ismomorphism into subalgebra of B p (G) of functions which are constant on each coset of G 1 . The pre-conjugate map * Φ q can be defined as following
where the map P : [12] :
For a function v : G → C that is constant on the cosets of G 1 , byṽ we meañ
We need to note that for f ∈ L 1 (G), ξ ∈ K and η ∈ K * , we have
so we haveπ • q(f ) =π(P f ), which means the pre-conjugate map * Φ q is an identity map that is p-completely isometry as following * Φ (n)
so we have Φ q p-cb ≤ 1.
5. Let G 2 ≤ G, be an open subgroup and u ∈ B p (G 2 ). Since by Theorem 4.3 we have u • ∈ B p (G), then we are able to define
Let (π, E) be a p-universal representation of G. We denote the restriction of (π, E) to G 2 via (π G 2 , E) which is a p-universal representation of G 2 via Remark 4.5-(1). Now we easily define pre-conjugate map * E G 2 as following
We need to notice that, since χ G 2 ∈ B p (G), so via Proposition 3.1, it is a normalized coefficient function of (π, E), i.e. there are ξ χ ∈ E and η χ ∈ E * with ξ χ = η χ = 1 and χ G 2 (·) = π(·)ξ χ , η χ . Also for g ∈ L 1 (G 2 ) and ξ ∈ E and η ∈ E * we have
and for f ∈ L 1 (G) and ξ ∈ E and η ∈ E * we have
On the other hand
So we have
Additionally, since (π, E) is a p-universal representation, then (π ⊗ π, E⊗ p E) ⊂ (π, E) ⊂ (π ⊗ π, E⊗ p E),
consequently (π, E) = (π ⊗ π, E⊗ p E), so always we have (up to an isometry)
so by combining (15) and (16) we have:
Step which is proper via Remark 2.21-(4). Now let x 0 = α(y 0 ) and consider the following composition
where E H 0 and L x 0 are extension and translation as described previously. Then by Proposition 5.4, and Theorem 5.1-(3)-(5), the map Φ α is p-completely contractive homomorphism. Now we consider piecewise affine case. We recall that the map α : Y ⊂ H → G is a piecewise affine map. So for some n ∈ N, and i = 1, . . . , n, there are disjoint Y i ∈ Ω 0 (H), such that Y = ∪ 
